We study a new type of warped compactifications of M-theory on eight manifolds for which nowhere vanishing covariantly constant spinors of indefinite chirality on the internal manifold can be found. We derive the constraints on the fluxes and the warp factor following from supersymmetry and the equations of motion. We show, that the lift of Type IIB PP-waves to M-theory is a special type of solution of this general class of models.
Introduction and Summary
Although warped compactifications have been known in string theory for almost twenty years (see e.g. [1] , [2] and [3] ) they have become recently an active area of research as it has been realized, that these compactifications are excellent candidates to solve one longstanding problem in string theory, the moduli space problem. Thus they are of great interest from the phenomenological point of view, which is the reason of why these compactifications were considered in the context of the heterotic string in [4] , [5] and [6] . For a recent discussion on the subject of counting flux vacua and the moduli space problem in string theory see [7] . Since the internal manifold is in this case non-Kähler and has torsion these models are also attractive from the mathematical point of view [8] , [6] and [9] . This is only one of the reasons, of why warped compactifications are fascinating, as there are several connections to other scenarios, that are as surprising and interesting as the previous one.
First, as we shall see in this paper, there is a connection between a generalization of the warped compactifications of M-theory on eight-manifolds considered in [10] and the M-theory lift of PP-waves of the Type IIB theory considered in [11] . We will show, that the construction of [11] can be viewed as a "compactification" of M-theory on an eight manifold, where the internal manifold is non-compact. Indeed, the models considered in [11] can be thought of as M-theory compactifications, where the internal manifold admits only self-dual fluxes, differing from [10] by the fact, that the internal spinors are nonchiral. To show the existence of this more general class of models and to derive the generic equations describing them will be the main point of the present paper.
From a different perspective, warped compactifications play also an important role in the description of confining supersymmetric gauge theories and ultimately in the description of QCD. This is because there is a close relation between warped compactifications and Ramond-Ramond backgrounds in string theory. Confining gauge theories can be realized, for example, as perturbations by three-form flux of Type IIB string theory on AdS 5 × S 5 .
It was shown by Polchinski and Strassler [12] , that the three-form flux of the supergravity theory corresponds to a perturbation of the N = 4 gauge theory by mass terms and the resulting gauge theory has N = 1 supersymmetry [12] .
Non-perturbatively, N = 1 supersymmetric gauge theories can be realized by placing D3-branes at conical singularities of a Ricci-flat six-dimensional cone, whose base manifold is a five-dimensional Einstein space X 5 . On the supergravity side one considers the Type IIB theory on AdS 5 × X 5 and this is dual to the world-volume theory of the D3-branes at the singularity. In case that one considers D3-branes on the conifold [13] , for example, one would obtain on the worldvolume of the D3-branes a gauge theory with SU (N ) × SU (N ) gauge group. Besides considering D3-branes it is also possible to consider D5-branes wrapped on collapsed two-cycles at the singularity [14] . This has the effect, that the D3-brane charge eventually becomes negative and the supergravity metric becomes singular. It was argued by Klebanov and Strassler [15] , that this naked singularity of the metric gets resolved in terms of a warped deformed conifold, which is completely non-singular. It was realized later on in [16] and [17] , that the Klebanov-Strassler model can be obtained as a special case of the solutions derived in [10] and [18] , describing compactifications of M-theory on eight-manifolds. This is interesting and one may wonder, if there is a similar connection between the models considered in [10] or a corresponding generalization thereof and the Polchinski-Strassler model. This would be useful to derive the exact solution of the model considered in [12] . In this paper we will take one step in this direction. We shall consider compactification of M-theory on eight-manifolds for which we can define two covariantly constant spinors on the internal manifold of non-definite chirality. This is one generalization of [10] , that is needed in order to make contact with [12] . This paper is organized as follows. In section 2.1 we give a short reminder on compactifications of M-theory on eight-manifolds, where two covariantly constant spinors of definite chirality on the internal manifold can be found. These manifolds are conformally Calabi-Yau. In section 2.2 we discuss the generalization of this type of compactifications to the case, where the spinors on the internal manifold no longer have a definite chirality.
In section 3 we discuss a particular example of the models considered herein, namely the M-theory lift of the PP-wave solution of the Type IIB theory considered in [11] and show, that it obeys the constraints, that we derived in the previous section. In section 4 we give our conclusions and outlook and comment on the relation between the present work as a dual description of the Polchinski-Strassler model describing a four-dimensional confining gauge theory. In an appendix we collect some of the relevant formulas.
Note Added: While this paper was written there appeared two interesting papers, which have some overlap with the discussion presented herein [19] and [20] .
M-theory Compactifications on Eight Manifolds
In this section we would like to consider compactifications of M-theory on eightmanifolds and derive the constraints on the fluxes and the warp factor, that follow from supersymmetry and the equations of motion.
Reminder: Chiral Spinors on the Internal Space
Let us start with a short reminder about compactifications with fluxes for which two spinors on the internal space, that are chiral can be found [10] , [18] . This will be useful to introduce our notation and will be helpful in order to compare with the non-chiral case discussed afterwards. The bosonic part of the action of the eleven-dimensional supergravity limit of M-theory is given by [21] 1) whereĝ M N is the space-time metric (the hat denotes eleven-dimensional quantities) andĈ is a three-form with field strengthF = dĈ. We have set the gravitational constant equal to one. The complete action is invariant under local supersymmetry transformations 4) or in components after dualizinĝ
The fivebrane soliton appears as a solution to the eleven-dimensional field equations and it couples to the dual seven-form field strengthF 7 = * F . Equation This equation has in general gravitational Chern-Simons corrections associated to the sigma-model anomaly on the six-dimensional fivebrane worldvolume [22] . The corrected fivebrane Bianchi identity takes the form 6) where β is related to the fivebrane tension by T 6 = 1/(2π) 3 β. Henceforth we set β = 1.
Since the gauge-fixed theory of the fivebrane is described by a chiral anti-self-dual tensor multiplet, the eight-form anomaly polynomial is expressed in terms of the Riemann tensor
[23]
The anomaly leads to an additional term in the action (2.1)
The existence of this interaction can be verified by computing the one-point function of the two-form B M N in the Type IIA string theory compactified on an eight-manifold [24] .
The result of this calculation has no dilaton dependence, since this would spoil gauge invariance. It can therefore be extrapolated to eleven dimensions and it gives the previous answer.
A supersymmetric configuration is one that obeys for some Majorana spinor η the
Since in the background the spinor ψ M vanishes, the first two of the above equations are satisfied, and only the gravitino equation remains to be solved
The most general ansatz for the metric, that is consistent with maximal symmetry iŝ
where
Here x are the three-dimensional external coordinates labeled by the indices µ, ν, . . . and y the ones of the Euclidean eight-manifold labeled by m, n, . . .. ∆(y) is a scalar function called the "warp factor". We first would like to rewrite (2.10) in terms of g M N . We can relate covariant derivatives with respect to conformally transformed metrics by using the
This gives the relation
Furthermore,Γ M matrices are related to Γ M matrices aŝ
whileF M NP Q will be kept fixed under the transformation (2.11). We then obtain for (2.10)
in terms of g M N the result
We make a decomposition of the gamma matrices, that is appropriate to the 11 = 3 + 8 split, by taking
where γ µ and γ m are the gamma matrices of M 3 and K 8 respectively and γ 9 is the eightdimensional chirality operator, that satisfies γ 2 9 = 1 and anti-commutes with all the γ m 's. We decompose the eleven-dimensional spinor η as a sum of terms of the form
where ǫ is a three-dimensional anticommuting spinor, while ξ is a commuting eightdimensional Majorana-Weyl spinor. Spinors of the form (2.18), that solve δ η α = 0 for every field α, give unbroken supersymmetries. In this section we shall be interested in compactifications having N = 2 supersymmetry in three dimensions for which two spinors on K 8 of the same chirality can be found. We can combine these real spinors into a complex spinor of a well defined chirality. Without loss of generality we will take the chirality to be positive. Compactifications for which spinors of the previous form can be found will, in general, have X 8 = 0.
In [25] it was shown, that demanding the existence of a nowhere-vanishing eight- The Pontryagin numbers are obtained by integrating the first and second Pontryagin forms
and 
which is a topological invariant. Finding nowhere-vanishing spinors of both chiralities as a solution of (2.16) thus implies, that the integral of the anomaly polynomial (2.22) vanishes and will be used later on. Some examples of compactifications of eleven-dimensional supergravity on eight-manifolds of this type have been considered in [26] . For these compactifications no warp factor has been taken into account and the internal manifold is of the where J is the Kähler form. The internal manifold is not Kähler but conformal to a
Calabi-Yau four-fold with the warp factor satisfying the equation
The external component of the flux is related to the warp factor
These are all the constraints imposed by N = 2 supersymmetry. Similar constraints for compactifications with N = 1 supersymmetry in three dimensions were derived in [27] .
Finally, to compare with the more generic situation of the next section, let us remark, that in [28] it was found, that there are some solutions to the equations of motion, which break
supersymmetry and yet lead to a vanishing cosmological constant. Any self-dual flux will be a solution to the equations of motion, which means that its internal component is of the form 27) where F 2,2 is a primitive (2, 2) form. Only the second term will preserve supersymmetry and yet all the components of the flux above are allowed by the equations of motion. This situation will be different in the next section, where the non-primitive flux appearing as the last term of the above equation will no longer break supersymmetry.
Non-Chiral Spinors on the Internal Space
Let us now explore, how the previous results change, if we choose spinors on the internal manifold of non definite chirality. Compactifying again to three-dimensional Minkowski space the external component of the gravitino supersymmetry transformation 28) leads to the following equation
Here F denotes the contraction of the internal flux component with the antisymmetrized product of four gamma matrices F = F pqrs γ pqrs and p, q, . . . denote real coordinates.
Notice, that here F is not the four-form introduced in the previous section. Nevertheless, it should be clear from the context, what F is refering to. In the previous formula we have used a complex spinor ξ of indefinite chirality. We can decompose ξ into its positive and negative chirality part
by using the chirality projection operators
Acting with these operators on equation (2.29) we get the following result for the positive and negative component of ξ
Here we have introduced the notation
We can reduce these equations to determining equations for the self-dual and anti-self-dual part of F G ± pqrs = F pqrs ± * F pqrs , (2.34) which take the form
The upper sign determines the self-dual part of F , while the lower sign determines its anti-self-dual part. Thus, these are two of the general equations, that need to be solved to determine the supersymmetry constraints. Equivalently, we can rewrite these equations in a way, that will be useful in order to simplify the internal component of the gravitino transformation
Let us now have a look at the other two equations, which come from the internal component of the gravitino supersymmetry transformation. Using some gamma matrix algebra these can be written as
where F m = F mpqr γ pqr and we have rescaled the spinor ξ = ∆ −1/4ξ . Writing this in terms of negative and positive chirality spinors we obtain
After rescaling the internal metricg mn = ∆ −3/2 g mn and using equation (2.36) we can write the final expression for the equations coming from the internal component of the gravitino as∇
So, to summarize, this equation together with (2.36) in terms of the rescaled metric For convenience we will rescale the spinor ξ − again
as the equations then simplify further. For these self-dual solutions there are three equations, that need to be solved This expression implies, that the spinor ξ − is covariantly constant. Furthermore, we have dropped the tildes and primes from the spinors and gamma matrices in order to simplify the notation. From the previous two equations we make two observations. First, from the (2.47) we see, that we have found a spinor, ξ − , that is covariantly constant. If this spinor is complex we are dealing with a conformally Calabi-Yau manifold, while if of of the ξ − vanishes, it is possible to derive from the above equations a generalization of the supersymmetry constraints for a Spin(7) holonomy manifold computed in [27] . We will elaborate on this a little bit more in a moment. Second, if the spinors ξ + and ξ − are both nowhere vanishing it implies according to [25] , that the Euler characteristic of the internal manifold is zero. Thus, in order to obtain non-trivial solutions, where fluxes are turned on, we need to consider non-compact internal manifolds or we need to take sources into account. This will be relevant for the concrete example considered in section 3. However, in general, +ξ + can have zeros, so that the Euler character of the internal manifold does not vanish.
Due to the existence of these two spinors we can define (for an appropriate normalization of the spinors) a vector field on our internal manifold as follows
where n = 3, . . . , 10 runs over the internal coordinates. Here have combined the two spinors on our manifold (we are dealing with N = 2 supersymmetry) into a complex spinor, whose chiral parts we called ξ + and ξ − as before. In case, that the covariantly constant spinor is real, we have a manifold, that is conformal to a Spin(7) holonomy manifold. We will work out the generalization of the sypersymmetry constraints derived in [27] at the end of this section. In writing the vector field as above, we have chosen a normalization of 1/8 for the spinor ξ − . Fierz identities imply, that the positive chirality spinor can be written in terms of this vector field
Using this expression for the positive chirality spinor and (2.45), (2.46) and (2.47) we obtain the following two equations, which are defined only in terms of the negative chirality spinor
We can now introduce complex coordinates and take into account, that ξ − is annihilated by γā
From equation (2.13) we get several constraints on the fluxes. First, the (2, 2) part of the flux is no longer primitive but satisfies the condition
This can be written equivalently as Finally, we can derive the determining equation of the vector field by using (2.45). This leads to the following equation
Using formula (2.56), some gamma matrix algebra and taking into account, that the gamma matrices act as raising and lowering operators, allows us to write the above expression in the following form Let us now derive the generalization of the supersymmetry constraints for the Spin (7) holonomy case considered in [27] . First, from (2.50) we have a
Multiplying (2.50) with ξ − T γ m we get
where 
Example: PP-Waves and M-Theory
By restricting ourselves to solutions for which the internal fluxes are self-dual, we have managed to make the problem of solving the gravitino equations tractable. In this case we end up with manifolds with special holonomy as in [28] but as we can see from the above derivation the flux conditions obeyed by our models are different from the ones considered in [28] . In particular, the internal fluxes are constrained to be of the (2, 2) form, but no longer have to be primitive. We now would like to consider a particular example of this more general class of models.
More concretely, we would like to consider an example constructed in [11] where the internal manifold is flat R 8 , thus retaining maximal supersymmetry. This solution arises as the M-theory lift (by performing a timelike T-duality) of the supersymmetric PP-wave solution, which comes from the Penrose limit of the AdS 5 ×S 5 compactification of the Type IIB theory. As noticed in [11] this model does not obey the flux constraints derived in [28] but we shall see, that the supersymmetry constraints derived in the previous section are satisfied. The reason for this is, of course, that the spinors on the internal manifold used in [11] are not chiral. In the following we will use the notation and conventions of [11] .
The lift of the Type IIB PP-wave solution to M-theory has a metric of the form of a deformed M2-brane
where H is the warp factor and the coordinates, z i with i = 1, . . . , 8 run over the internal manifold, which is flat and t, x 1 , x 2 describe the three-dimensional external space. The fluxes are of the form
where Φ (4) = Φ mnpq is the self-dual flux on R 8 , which is assumed to be constant in order to preserve all the supersymmetry
and µ is a constant. The warp factor satisfies the equation of motion
Here one has to take into account, that in this example two non-where vanishing spinors can be found (as we shall see below), so that according to [25] , the Euler characteristic of the internal manifold is zero. Thus, in order to obtain non-trivial solutions, where fluxes are turned on, one needs to consider non-compact internal manifolds, in this case flat R 8 .
As shown by [11] , the gravitino supersymmetry equations are satisfied by making the following ansatz for the internal spinor . This leads to the following equation for the vector field
Differentiating the above expression, antisymmetrizing and noting, that F is related to Φ (4) by the proportionality constant µ, gives us the condition found in the last section, that replaces primitivity * dυ + F ∧J = 0. (3.7)
In the last step we have absorbed a factor of 3/4 into the definition of υ. It can also be seen, that the determining equation for the vector field is satisfied. The easiest way to check this is to substitute the expression for ξ + into (2.45) and taking into account, that H = ∆ 3/2 in our notation.
So we conclude, that the deformed M2-brane constructed in [11] arises as a special case of our general set of models, by setting the internal manifold to be flat. Using the constraints, that we derived in the previous sections, more examples of models satisfying our equations could be constructed.
Discussion and Conclusions
Compactifications with non-vanishing fluxes are a rather fascinating area of recent research, as they allow us to approach and even solve one longstanding problem in string theory, the moduli space problem. The simplest type of such models correspond to Mtheory compactifications on non-Kähler conformally Calabi-Yau manifolds, that have four complex dimensions. In this case two covariantly constant Majorana-Weyl spinors on the internal space can be found. The constraints obeyed by the fluxes and the geometry were derived in [28] and [18] . Similarly, having only one covariantly constant spinor of definite chirality leads to the supersymmetry constraints obeyed by manifolds, that are conformal to Spin(7) holonomy manifolds [27] .
In this note we have relaxed the assumption regarding the chirality of the spinors on the internal manifold for compactification of M-theory to three-dimensional Minkowski space-time with N = 1, 2 supersymmetry and have solved the supersymmetry constraints for a special class of manifolds, that arise, when we drop the chirality assumption, yet retain the assumption, that the internal fluxes are self-dual. The resulting class of manifolds includes constructions like the models [11] , where the Type IIB P P -wave is lifted to M-theory as a deformed membrane. It would be interesting to remove the self-duality assumption on the fluxes to get the most general class of M-theory compactifications to three flat dimensions. We expect, that the dual description of the Polchinski-Strassler model would lie in this class of solutions. This would be helpful in order to find the complete form of the Polchinski-Strassler model, as to this date only the first orders in perturbation theory are known. Approaching this problem from the Type IIB side, where the work of [29] needs to be generalized by allowing spinors of non-definite chirality on the internal space, might be the easiest way to proceed. The recent paper of [20] should be rather interesting for this purpose and we hope to report on this elsewhere. To summarize, it would be of importance to obtain the constraints on the fluxes derived in [28] for the case of these more general compactifications, where non-chiral spinors and non-self-dual fluxes on the internal manifold are allowed. In this case it is no longer clear, that the internal manifold is even a complex manifold. Also, if we relax the assumption of self-duality, then we do not expect to end up with manifolds of special holonomy. In that case we would have to seek a classification of the manifold in terms of G-structures and the work of [19] should be useful in this context. At the same time it would be interesting to derive the new set of constraints obtained herein from a superpotential along the lines of [30] . 
